
 

 

 
 
 
 
 
 
 
 
 

  

 

Asymptotes H . A 
Horizontal Asymptotes 

V . A 
Vertical Asymptotes 

  
 H.Aكيف تحصل على 

 (ݔ)݂للدالة 
  اوجد

  
  الحالة الأولى

 (a)النھاية موجودة وتساوي عدد 
ݕ   موجود و معادلته ھي   H.Aون يك = ܽ 

  
  
  

  الحالة الثانية
 (∞±)النھاية تساوي 

  H.Aلا يوجد  

  

 V.Aكيف تحصل على 
 (ݔ)݂للدالة 

 ܽأوجد أصفار مقام الدالة و ليكن   -  1
 )  V.Aالدالة التي ليس لھا أصفار مقام ليس له ( 
 أوجد  -  2

 
 الحالة الأولى
  (∞±) النھاية تساوي

ݔ     معادلته ھيموجود و  V.Aيكون  = ܽ 
 
 

  الحالة الثانية
 (c) النھاية موجودة وتساوي عدد

  V.Aلا يوجد  
  إذا كان الدالة لھا أكثر من صفر للمقام 

  مع كل صفر 2تكرر الخطوة رقم 

  
  أستخدم كل ما تعلمته عن

LIMITS INVOLVING ±∞  

   



 

 

 
(9) 4.4 The Vertical And Horizontal Asymptotes (A) 

 

Example 1 Let ݂(ݔ) = ଷݔ2 + ଷݔ53 − 24  

Find the vertical and horizontal asymptotes for the graph   f  ( if any) 
Solution ܪ. lim௫→ஶ ܣ (ݔ)݂ =  lim௫→ஶ 2ݔଷ + ଷݔ53 − 24 =  lim௫→ஶ  2 + ଷ3ݔ5 − ଷݔ24 =  23  

∴ ݕ =  23 .ܪ    .ܸ ܣ  ܣ
ଷݔ3         − 24 = 0 
 
ଷݔ)3         − 8) = 0 
 
ݔ)3         − ଶݔ)(2 + ݔ4 + 4) = 0      →→→ ∴ ݔ   = 2  lim௫→ଶష (ݔ)݂ =  lim௫→ଶష ଷݔ2  + ݔ)52 − ଶݔ)(2 + ݔ4 + 4) =  −∞ lim௫→ଶశ (ݔ)݂ =  lim௫→ଶశ ଷݔ2  + ݔ)52 − ଶݔ)(2 + ݔ4 + 4) =  ∞ ∴ ݔ   = 2      ܸ.  ܣ
 

Example 2 
43    June 28, 2008 

Find the vertical and horizontal asymptotes f, if any , for ݂(ݔ) = ଶݔ) − ݔ2 + 1)| ଶݔ)| ݔ − ݔ(1  

Solution ݂(ݔ) = ଶݔ) − ݔ2 + ଶݔ)| ݔ |(1 − ݔ(1  = ݔ)   − 1)ଶ |ݔ)|ݔ − ݔ)(1 + .ܪ    ݔ (1 lim௫→ஶ ܣ (ݔ)݂ =  lim௫→ஶ (ݔ − 1)ଶ |ݔ)|ݔ − ݔ)(1 + ݔ (1 =  lim௫→ஶ (ݔ − 1)ଶ ∙ ݔ)ݔ  − ݔ)(1 + ݔ (1 =  lim௫→ஶ (ݔ − ݔ)(1 + 1) =  lim௫→ஶ 1 − 1ݔ1 + ݔ1   = 1   ∴ ݕ   = .ܪ   1 lim௫→ିஶ ܣ (ݔ)݂ =  lim௫→ିஶ (ݔ − 1)ଶ (– ݔ)(ݔ − ݔ)(1 + ݔ (1 =  lim௫→ିஶ −(ݔ − ݔ)(1 + 1) =  −1 ∴ ݕ = .ܪ      1−  .ܸ ܣ  ܣ
ݔ                       = ݔ               1 = ݔ                     1− = 0 lim௫→ିଵష (ݔ)݂ =  lim௫→ିଵష ݔ)  − 1)ଶ (– ݔ)(ݔ − ݔ)(1 + ݔ (1 =  lim௫→ିଵష ݔ)−  − ݔ)(1 + 1) = − ∞ lim௫→ିଵశ (ݔ)݂ = lim௫→ିଵశ ݔ)  − 1)ଶ (– ݔ)(ݔ − ݔ)(1 + ݔ (1 =  lim௫→ିଵశ ݔ)−  − ݔ)(1 + 1) =  ∞ ∴ ݔ   = −1      ܸ.  ܣ



 
 

E
45  

.ܪ(ݔ)݂ lim௫→ஶ ܣ ݂
lim௫→ିஶܸ. lim௫→ଶష ܣ ݂lim௫→ଶశ ݂

 

(

HOS 

Exampl
  March 2

= ݔ| − ଶݔ)|3 − ݔ5
(ݔ)݂ =  lim௫→ஶ

ஶ (ݔ)݂ =  li௫→
(ݔ)݂ =  lim௫→݂(ݔ) = lim௫→ଶ

9)   4.4    Th

SSAM   G

le 3 
28, 2007 

ݔ) + ݔ(7 + 6  = (
mஶ |ݔ − ݔ)ݔ)|3 − ݔ)(3

im→ିஶ −(ݔ ݔ)− − 3
mଶష ݔ)−  − ݔ)3 − 3)mଶశ ݔ)−  − ݔ)3 − 3)

he Vertical 

GHANEM

Let ݂(
Find the 

ݔ| − ݔ)|3 ݔ)+ − ݔ)(3 −
ݔ + ݔ(7 − 2) =  l௫

ݔ)(3 + ݔ)(3(7 − 2)
ݔ)(3 + ݔ)((7 − 2) ݔ)(= + ݔ)(7 − 2) =

 

And Horizo

              M

(ݔ) = ݔ| ଶݔ−
vertical a

S+ 7)− 2)  
lim௫→ஶ (ݔ − ݔ)3 − 3 ∴=   −1 ∴ ݕ
=   ∞ =  − ∞ ∴

ontal Asym

6516       

− ݔ)|3 + 7ଶ − ݔ5 + 6
and horizo
Solution

ݔ)( + ݔ)((7 − 2) ݕ  = = ܪ   1
ݕ = ܪ      1− 

ݔ  = 2      ܸ

mptotes (A)  

    68855

7)6  

ontal asym
n 

=  lim௫→ஶ (ݔ ݔ)+ .ܪ−  ܣ

.ܪ  ܣ

ܸ.  ܣ

                 

              

mptotes for

+ 7)− 2)  =  lim௫→ஶ

                P

 غانم        

 

r the graph

mஶ ቀ1 + ቁቀ1ݔ7 − ቁݔ2   

P2 

حسام

h   f  ( if an

= 1 

ny) 



 

47

.ܪ(ݔ)݂  ܣ

lim௫→ஶ ݂
          ∴ .lim௫→ିஶܸݕ   ݔ)ݔ ܣ −lim௫→଴ష ݂lim௫→଴శ ݂
lim௫→ଵష ݂lim௫→ଵశ ݂
 

(

HOS 

Examp
7   Novem

.2007 

= ݔ) + ଶݔ√(1 −
(ݔ)݂ =  lim௫→ஶ
         =  lim௫→ஶ= .ܪ   1 ஶ ܣ (ݔ)݂ = −1

− 1) = (ݔ)݂     0 =  lim௫→݂(ݔ) = lim௫→଴
(ݔ)݂ =  lim௫→݂(ݔ) = lim௫→ଵ

9)   4.4    Th

SSAM   G

ple 4 
mber  10 

A 

ଶݔ√ + 2− ݔ =
mஶ (ݔ + ଶݔ√(1 −
mஶ (ݔ + 1) ݔ∙
1 

            →   m଴ష ݔ)  + m଴శݔ)ݔ√(1 ݔ)  + ݔ)ݔ√(1 −
mଵష ݔ)  + ݔ)ݔ√(1 −mଵశ ݔ)  + ݔ)ݔ√(1 −

he Vertical 

GHANEM

Find th

ݔ) + ݔ)ݔݔ√(1 − 1
ଶݔ√ + 2− ݔ =  ௫(ݔ)ට1 + ଶݔ2 − ݔ

ݔ           = ଶݔ√0 + 2− 1) ଶݔ√= + 2− 1) =  
ଶݔ√ + 2− 1) ଶݔ√= + 2− 1) =  

 

And Horizo

              M

he vertical 

Sଶ + 21)  

lim௫→ஶ (ݔ + 1
ଶݔ2 = lim௫→ஶ (

∴0        &          ∞ − ∞ ∴−  ∞  ∞ ∴

ontal Asym

6516       

and horiz݂(ݔ
Solution

1) ∙ ට1|ݔ| ଶݔ+ − ଶݔݔ + ଶݔට1(ݔ − ݔ
ݕ  = ݔ   ܪ   1− = 1 

ݔ  = 0      ܸ
ݔ  = 1      ܸ

mptotes (A)  

    68855

zontal asymݔ) = ݔ) ݔ+
n 

+ ଶݔ2 =  lim௫→ஶ+ ݔଶݔ2 = lim௫→
.ܪ  ܣ

ܸ.  ܣ

ܸ.  ܣ

                 

              

mptotes fo1)√ݔଶ ଶݔ+ − ݔ

mஶ (ݔ + 1) ଶݔ∙
m→ஶ ቀ1 + ቁ1ݔ1 −

                P

 غانم        

or the grap2
 

ට1(ݔ) + ଶݔ2 − ට1ݔ + −ଶݔ2 ݔ1 =

P3 

حسام

ph   f   (if a

ଶݔ2
 

= 1 

any)  



(9)   4.4    The Vertical And Horizontal Asymptotes (A)                                    P4 

 HOSSAM   GHANEM                     65168855حسام غانم                           

 

Example 5 Let ݂(ݔ) = ଽݔ√ + 3య2ݔଷ − 16  

Find the vertical and horizontal asymptotes for the graph   f  ( if any) 

Solution ݂(ݔ) = ଽݔ√ + 3య2ݔଷ − 16  = ଽݔ√  + 3య2(ݔଷ − 8)  = ଽݔ√  + 3య2(ݔ − ଶݔ)(2 + ݔ2 + .ܪ  (4  ܣ

lim௫→ஶ (ݔ)݂ =  lim௫→ஶ √ݔଽ + 3య2ݔଷ − 16 =  lim௫→ஶ ට1 + ଽయݔ3
2 − ଷݔ16   =  12   

∴ ݕ   = 12 .ܪ            .ܸ ܣ ݔ)2 ܣ − ଶݔ)(2 + ݔ2 + 4) = 0         → ݔ        = 2 lim௫→ଶశ (ݔ)݂ =  lim௫→ଶశ ଽݔ√  + 3య2(ݔ − ଶݔ)(2 + ݔ2 + 4) =   ∞ lim௫→ଶష (ݔ)݂ =  −∞ ∴ ݔ    = 2          ܸ.  ܣ
 

Example 6 
48   March 25, 

2008 A 

Find the vertical and horizontal al asymptotes for the graph   f   (if any) 
where ݂(ݔ) = ଶݔ + ݔ ଶݔ√ + ݔ)1 + 1)ଶ  

Solution 

(ݔ)݂ = ଶݔ + ଶݔ√ ݔ + ݔ)1 + 1)ଶ  = ଶݔ  + ට1 |ݔ| ݔ + ଶݔଶݔ1 + ݔ2 + 1 .ܪ    ܣ

lim௫→ஶ (ݔ)݂ =  lim௫→ஶ ݔଶ + ଶ ට1ݔ + ଶݔଶݔ1 + ݔ2 + 1 =  lim௫→ஶ 1 +  ට1 + ଶ1ݔ1 + ݔ2 + ଶݔ1   =  1 + 11 = 2   ∴ ݕ   = .ܪ           2  ܣ

lim௫→ିஶ (ݔ)݂  = lim௫→ିஶ   ݔଶ − ଶ ට1ݔ + ଶݔଶݔ1 + ݔ2 + 1 = lim௫→ିஶ   1 − ට1 + ଶ1ݔ1 + ݔ2 + ଶݔ1  =  1 − 11  = 0 ∴ ݕ   = .ܪ           0 .ܸ ܣ ݔ ܣ + 1 = 0                → ݔ        = −1 

lim௫→ିଵశ (ݔ)݂ =  lim௫→ିଵశ ଶݔ  − ଶ ට1ݔ + ݔ)ଶݔ1 + 1)ଶ =  −∞ 

lim௫→ିଵష (ݔ)݂ =  lim௫→ିଵష ଶݔ   − ଶ ට1ݔ + ݔ)ଶݔ1 + 1)ଶ =  −∞ ∴ ݔ    = −1          ܸ.  ܣ



(9)   4.4    The Vertical And Horizontal Asymptotes (A)                                    P5 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
       Find the H.A and V.H Of  f  if 
       Find the vertical and horizontal asymptotes of   f  ( if any) 

 

(ݔ)݂ 1 = ଶݔ√ + ݔ 4 + 4  41   March 30, 2005

(ݔ)݂ 2 = ݔ2 + ଶݔ√ + ݔ1 + 2  33   October  25,2001 A

(ݔ)݂ 3 = ݔ2 − ݔ9 + 3  

(ݔ)݂ 4 = ଷݔ − ଶݔݔ − ݔ − 2 37   July 12, 2003 A

(ݔ)݂ 5 = ଶݔ|ݔ| − April 19,2003 A   36 ݔ

(ݔ)݂ 6 = ݔ| − 1|(1 − ଶݔ(ݔ2 + ݔ − 2  44   November 9, 2006

(ݔ)݂ 7 = ห√ݔ − 2หݔ − 4  13  November  13, 1995

(ݔ)݂ 8 = ݔ| + ଶݔ|1 + July 3, 2004   39 ݔ 

(ݔ)݂ 9= = ݔ + ݔ√3  

(ݔ)݂ 10 = 2 − ݔ4 +  ଶݔ6

(ݔ)݂ 11 = ଶݔ√2 + ݔ7 + 5  

(ݔ)݂ 12 = ݔ2 − ݔ9 + 3  

(ݔ)݂ 13 = ݔ + ݔ√3  



(9)   4.4    The Vertical And Horizontal Asymptotes (A)                                    P6 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
       Find the H.A and V.H Of  f  if 
       Find the vertical and horizontal asymptotes of   f  ( if any) 
 
 

14 ݂ሺݔሻ = ଶݔ4√ݔ5 +  ݔ3

15 ݂ሺݔሻ = ଺ݔ√ + 1య4ݔଶ − 1  

16 ݂ሺݔሻ = ସݔ5 − 16 

17 ݂ሺݔሻ = ݔ + ଶݔ2 − 1 

19 ݂ሺݔሻ = ଶݔ + ݔ4 − 4  

19 ݂ሺݔሻ = ݔ√2 + ݔ|ݔ|5 − 6  

20 ݂ሺݔሻ = ݔ| − 5|ሺݔ + 7ሻݔଶ − ݔ5 + 6  

21 
18   May   24 ,2000 ݂ሺݔሻ = ݔ√ + 2 − ݔ2 + 2  

22 
55 April 8, 2010 
(3pts)   Find the vertical and horizontal asymptotes, if any, for  ݕ = ଶݔሺ2|ݔ| + 3ሻݔଷ + 8  

23 
57   November 8, 2010 
Find the vertical and horizontal asymptotes, if any, for the graph of             (4 pts.) ݂ሺݔሻ = ଶݔ|ݔ|ݔ −  ݔ
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 ݂ሺݔሻ = ሺ
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− ଶݔ4√1 + 3
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aph   f   (if
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 غانم        
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P7 

حسام



 

12  N

݂ሺݔሻ
.ܪ lim௫→ஶ ܣ ݂
lim௫→ିஶ

ܸ. ݔ2 ܣ +lim௫→ିଵଶ
 

(

HOS 

24 
November

= ݔሺ2ݔ4 + 1ሻ
݂ሺݔሻ =  lim௫→ஶ

ஶ ݂ሺݔሻ =  li௫→

1 = 0         ݂ሺݔሻ =  lim௫→

9)   4.4    Th

SSAM   G

r 2,  1995 

ଶ − 1ሻ√4ݔଶ + 3
mஶ ሺ2ݔ − ට4 ݔ 1 + ݔ

im→ିஶ ሺ2ݔ ට4 ݔ−−
 →              m→ିଵଶ ሺ2ݔ + 1 ሺ2ݔ + 1

he Vertical 

GHANEM

Let ݂ሺ
Find the 

 =  ሺ2ݔ +ሺ2ݔ + 1
ሻ3ݔଶ =  lim௫→ஶ 

− 1ሻ4 + ଶݔ3 =   −
ݔ    = − 12 1ሻሺ2ݔ − 1ሻ1ሻ√4ݔଶ + 3

 

And Horizo

              M
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3 =   lim௫→ିଵଶ 

∴
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6516       

ଶݔ4 − ݔ1 + 1ሻ√4ݔ
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Solution1ሻ+   ଶݔ3
= 1 

ݕ   = ܪ   1
ݕ = ܪ      1− 

ሺ2ݔ − 1ሻ √4ݔଶ + 3∴   ܱܰ      ܸ.

mptotes (A)  

    68855
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.ܪ  ܣ
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݂ሺݔሻܪ.  ܣ

lim௫→ஶ ݂
lim௫→ିஶܸ. ݔሺݔ ܣ −lim௫→ଵశ ݂lim௫→ଵష ݂
lim௫→଴శ ݂lim௫→଴ష ݂
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= ሺݔ + 1ሻ√ݔଶ −
݂ሺݔሻ =  lim௫→ஶ

ஶ ݂ሺݔሻ =  li௫→
− 1ሻ = 0     ݂ሺݔሻ =  lim௫→݂ሺݔሻ =  lim௫→
݂ሺݔሻ =  lim௫→݂ሺݔሻ =  lim௫→
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Solution

 

ݔ + 1ሻ  ට1ሺݔ − 1ሻ  ݕ = ܪ   1
ݕ 1− = ݔܪ      1−  = 1 

ݔ = 1         
ݔ = 0         

mptotes (A)  
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